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The dynamic response of an elastic, semi-inﬁnite strip with sliding surfaces, subjected to various forms of
end excitations, was solved analytically employing the property of bi-orthogonality of wave modes. An
explicit relation between the amplitudes of evanescent waves and the form of the excitation was
obtained. Quantitative measure for dynamic end effects was suggested, termed Saint-Venant ratio
(SVR). It was shown that two qualities of that ratio are useful for monitoring the health of structural joints
(SHM): being that ratio not affected by the intensity of the end excitation and its high sensitivity to small
variations in the form of the excitation. The axial behavior of the strip subjected to several forms of end
excitations was further used to demonstrate the validity of a previously suggested dynamic version of
Saint-Venant’s principle.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Wave propagation and end effects are two phenomena typical
to dynamic response of a semi-inﬁnite waveguide. The characteris-
tics of wave propagation are detailed well in several classical text
books (e.g., Achenbach, 1973; Graff, 1975; Miklowitz, 1978). End
effects, on the other hand, attracted less attention, with only gen-
eral treatment in the text books. In particular, the closed form solu-
tion for waveguide response subjected to completely deﬁned end
excitations were suggested only in few studies (e.g., Gregory and
Gladwell, 1984, 1989; Karp, 2008) with few more for a problem
of end reﬂection (e.g., Torvik, 1967; Zemanek, 1972; Gregory and
Gladwell, 1983). The present work belongs to that group of studies,
with emphasis on end effects, represented by the evanescent
waves.
The phenomenon of end effects in elastostatic problems is
extensively investigated in many papers, commonly associated
with Saint-Venant’s principle (SVP). The phenomenon of dynamic
end effects is also well understood, though the connection to SVP
is less common. Recently, it was suggested to use both static and
dynamic end effects as complimentary diagnostics for structural
health monitoring (SHM) systems. In the study by Karp et al.
(2008), the potential of such a method for monitoring the loosen-
ing of screws at a joint was experimentally demonstrated. In par-
ticular, small change in tightness level of each screw was easily
detected by strain gauges located at the close vicinity to the end
(near ﬁeld) as compared to no change in reading of strain gaugesll rights reserved.located far from the end. Analytical studies of the effect of non-
uniformity of end excitation are commonly limited to examination
of the far-ﬁeld response (see review by Karp, 2005, with recent
results by Karp, 2008, 2009). Sensitivity of the near-ﬁeld to the
non-uniformity was investigated experimentally by Karp et al.
(2008, 2009). Yet, analytical conﬁrmation and explanation of the
experimental results remain incomplete.
The main purpose of this paper is to provide a fundamental
understanding for the experimental results related to the sensitiv-
ity of the near ﬁeld to the form of the excitation. Emphasis is given
to quantitative estimation of the phenomenon and to the possible
usefulness of end effects as a structural signature for health mon-
itoring of joints. The secondary objective is to illustrate the practi-
cal and theoretical aspects of dynamic Saint-Venant’s principle
(DSVP) as formulated in Karp (2009). These two aims are accom-
plished with the aid of analytical solution for the dynamic ﬁelds
of an elastic, semi-inﬁnite strip considered to be held in a plane
strain condition with the lateral surfaces subjected to sliding con-
ditions. These conditions, though not encountered in practice, ad-
mit an elegant mathematical solution without sacriﬁcing much
of the core behavior of waveguides.
Analytical solution for dynamic response of a plane waveguide
with sliding surfaces is a standard introductory problem offered by
any classical textbook on elastic waves (e.g., Miklowitz, 1978, Sec-
tion 4.1; Graff, 1975, Section 8.1.2). Recent studies extend that
analysis to a ﬁnitely pre-stretched strip (Karp and Durban, 2005;
Wijeyewickrema et al., 2008). An extension of the analysis sug-
gested here include formulae for coefﬁcient analysis, enabling
one to calculate the exact amplitudes of the wave modes for any
given harmonic end excitation applied at the end of an elastic
waveguide. The derivation suggested here closely follows the one
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by Rose (1999, p. 204). In these works, the derivation is limited to
propagating modes in waveguide with free surfaces with no special
attention to the evanescent waves. In the present study, evanes-
cent modes are the main issue.
Calculation of amplitudes of propagating and evanescent waves
is used to explicitly formulate surface strain generated by various
forms of excitations. As a convenient quantitative measure of end
effects, a ratio of the surface strain in the near ﬁeld to the surface
strain in the far ﬁeld, termed Saint-Venant ratio (SVR), is intro-
duced. The results expose high sensitivity of the SVR to the form
of the excitation, suggesting that SVR is an effective structural sig-
nature of the form of the end data. That sensitivity renders the
measurement of surface axial strain within the far- and the near-
ﬁelds as an efﬁcient method for identiﬁcation of incipient changes
in the details of end excitation. It is suggested that the analytical
problem of semi-inﬁnite strip subjected to end excitation can be
considered to model an ‘‘active joint” connecting a beam-like
(plate-like) component to a main structure. Then, measurement
of SVR along the beam can be used as a complementary method
to a structural health monitoring system, enabling detection of
incipient damage at that joint.
In Section 2 the formulation of the problem of an elastic wave-
guide with sliding boundaries and its general solution is outlined.
Formulae for amplitude of each mode are derived in Section 3. Sev-
eral simple end excitations are solved explicitly in Section 4. In
Section 5 few variations of a nominal excitation, resembling dam-
aged joints, are worked out. A discussion of the results is given in
Section 6.
2. A strip with sliding boundaries
Consider a semi-inﬁnite strip with a thickness 2h made of
homogeneous, isotropic, elastic material that occupies the region
xP 0, jyj 6 h, jzj <1. The strip can be held in plane strain condition
(the z coordinate not active) while the faces y = ±h, xP 0, jzj <1
are sliding: zero tangential traction sxy = 0 and zero normal dis-
placement uy = 0. At the end x = 0, a harmonic and symmetric (with
reference to the x–z plane) excitation is applied with a circular fre-
quency x
r0x ¼ A0lSðyÞeixt ;
u0y ¼ 0;
on x ¼ 0; ð1Þ
where r0x ; u0y are the axial traction and the transversal displace-
ment at the end, respectively, SðyÞ is the form of the excitation, l
is the shear modulus, and A0 is the amplitude of the excitation
(the real part of the expression is understood throughout the pa-
per). The mixed nature of this boundary data is noted.
The dynamic response of a strip is governed by Navier’s equa-
tion of motion
ðkþ lÞ$ð$  uÞ þ l$2u ¼ q€u; ð2Þ
where k, l are the Lame constants, q is the mass density, $ is the
gradient vector and u is the displacement vector which has two
components
u ¼ uxiþ uyj; ð3Þ
for the two dimensional problem posed where both components ux,
uy depend only on x and y coordinates and time, t. Here i, j are the
unit vectors in the x, y directions, respectively.
General solution to the stated problem is given in the form of
separation of variables
uðx; y; tÞ ¼ UðyÞeiðnxxtÞ ð4Þwith
UðyÞ ¼ UxðyÞiþ UyðyÞj:
Here n is the wave number, U(y) is the associated cross-sectional
proﬁle for both displacement components (wave mode). The main
steps of the derivation of the solution are recapitulated here (after
Achenbach, 1973) with non-dimensional terms to be used hereafter,
deﬁned in Appendix A.
Imposing sliding conditions on the long faces
uy ¼ sxy ¼ 0; on y ¼ h; ð5Þ
leads to two sets of uncoupled equations for symmetric and for
anti-symmetric ﬁelds. For the sake of simplicity, we discuss here
only symmetric ﬁelds. A non-trivial solution for the two amplitudes
associated with symmetric ﬁelds (B and C in (A.3)) is obtained from
the frequency equation (Achenbach, 1973)
2n2 þ ðn2  d2Þ SinðchÞSinðdhÞ ¼ 0; ð6Þ
where c, d are deﬁned in Eq. (A.4) in Appendix A.
Three conditions can individually fulﬁll Eq. (6)
ðn2 þ d2Þ ¼ 0; SinðchÞ ¼ 0; SinðdhÞ ¼ 0: ð7Þ
The ﬁrst of (7) requires x = 0 and bears no special interest in our
context. The second and the third can be rewritten in an algebraic
form
SinðchÞ ¼ 0) cm ¼
p
2h
m; m ¼ 0;2;4;6; . . . ; ð8Þ
SinðdhÞ ¼ 0) dn ¼ p2h n; n ¼ 2;4;6; . . . : ð9Þ
By using the non-dimensional quantities deﬁned in (A.9), these
relations (8) and (9) between the wave number k and the frequency
X become
km ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X2
j2
m2
s
; m ¼ 0;2;4;6; . . . ð10Þ
and
kn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X2  n2
p
; n ¼ 2;4;6; . . . ð11Þ
with j deﬁned in (A.9),m and n are non-dimensional wave numbers
associated with dilatational and equivoluminal (shear,distortional)
modes, respectively. An important consequence of the solutions (8)
and (9) is that the roots km and kn are discrete and take values either
real or purely imaginary. For a given frequency x in (1), Eq. (6) can
be fulﬁlled by real or imaginary wave numbers n. Real wave num-
bers represent propagating waves. Imaginary wave numbers repre-
sent attenuating (evanescent) waves with an exponential (spatial)
decay. The characteristic attenuation length (depth of penetration)
is inversely proportional to the imaginary part of the wave number.
The distance at which only 1% of the original amplitude remains is
given from (4) by
l0:01 ¼ lnð0:01Þj jImfngj j : ð12Þ
Except for a small frequency range, the smallest Imfngj j, termed
attenuation constant, has a non-dimensional value of approximately
2, making the decay distance l0.01 to be of the order of 2h. At partic-
ularly small frequency regions, just below cut-off frequency (fre-
quency at which n = 0), extremely small Im{n} is possible (Karp
and Durban, 2005). Graphical representation of the possible modes
in lower frequency region, as exposed by the relations (10) and (11),
are plotted jointly on frequency map in Fig. B.1 in Appendix B for
Poisson’s ratio 1/3.
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eral solution (4) then consists of the sum of all possible modes and
can be written in the form
ux ¼
X
m
BmU
m
xdðyÞei nmxxtð Þ
 þX
n
CnU
n
xeðyÞeiðnnxxtÞ
 " # p
2h
 
;
uy ¼
X
m
BmU
m
ydðyÞei nmxxtð Þ
 
þ
X
n
CnU
n
yeðyÞeiðnnxxtÞ
 " # p
2h
 
;
ð13Þ
where the four U functions are y dependent, describing the form of
the wave mode, given explicitly in (A.11) in a non-dimensional form
and Bm, Cn are the coefﬁcients (amplitudes) of each mode to be
determined in the next section.
It is of interest here to partition the response within the strip
into near and far ﬁelds. The alternative expression for displace-
ments in (13) is now given by
uðx; y; tÞ ¼
XN
n¼1
AnUnðyÞeiðnnxxtÞ þ
X1
n¼Nþ1
AnUnðyÞeinnxeixt; ð14Þ
where the ﬁrst summation is over the available N propagating
waves making up the far-ﬁeld response, and the second summation
is over the evanescent waves, making up the near-ﬁeld response.
That formulation does not make a distinction between equivolumi-
nal and dilatational modes, as in (13). Note the different meaning of
the index n in (13) and in (14).
3. Amplitudes of the wave modes
The amplitudes of each mode in (13), Bm and Cn, are determined
by the end data (1) at x = 0. The mathematical formalism for that
determination for a mixed end data is worked out here based on
the orthogonality and bi-orthogonality of the modes (the bi-
orthogonality is due to Fraser, 1976).
Using the displacement and stress expressions given in (A.11)
and (A.13) the general form of boundary excitation (1) can be writ-
ten in the form
r0x ¼l
P
m
BmS
m
xdðyÞþ
P
n
CnS
n
xeðyÞ
	 

eiðnnxxtÞ ¼A0lSðyÞeixt ;
u0y ¼
P
m
BmU
m
ydðyÞei nmxxtð Þ
 
þP
n
CnU
n
yeðyÞeiðnnxxtÞ
 
¼0;
on x¼0:
ð15Þ
Completeness of the series expansion (13) is recalled here (e.g.,
Budreck and Rose, 1991) for justiﬁcation of (15) for any excitation
form to be prescribed over the end. Factoring out the time exponent
and substituting x = 0 in (15) yieldsX
m
BmS
m
xdðyÞ þ
X
n
CnS
n
xeðyÞ ¼ A0SðyÞ;X
m
BmU
m
ydðyÞ þ
X
n
CnU
n
yeðyÞ ¼ 0:
ð16Þ
Now, multiplication of the ﬁrst of (16) by Ulxd and the second by T
l
xyd
(where l stands for lth mode) and integration over the strip width
givesZ h
h
X
m
BmS
m
xdU
l
xd
 !
dyþ
Z h
h
X
n
CnS
n
xeU
l
xd
 !
dy¼A0
Z h
h
SðyÞUlxd
 
dy;
Z h
h
X
m
BmU
m
ydT
l
xyd
 !
dyþ
Z h
h
X
n
CnU
n
yeT
l
xyd
 !
dy¼0:
ð17Þ
Next we subtract the ﬁrst of (17) from the second and interchange
the order of integral and summation operators leading toX
m
Z h
h
BmU
m
ydT
l
xyd
 
dy
X
m
Z h
h
BmS
m
xdU
l
xd
 
dy
" #
þ
X
n
Z h
h
CnU
n
yeT
l
xyd
 
dy
"

X
n
Z h
h
CnS
n
xeU
l
xd
 
dy
#
¼A0
Z h
h
SðyÞUlxd
 
dy: ð18Þ
The left hand of the equality consists of two contributions, namely,
summation over m for dilatational waves with amplitude Bm and
summation over n for distortional waves with amplitude Cn.
Two considerations lead to conclusion that the term associated
with summation over n in (18) equals zero. Substitution of (A.11)
and (A.14) leads to an explicit form of the integrands in these
expressions to be given by
UnyeT
l
xyd ¼ 2klknl sin
p
2
l
y
h
 
sin
p
2
n
y
h
 
;
SnxeU
l
xd ¼ 2klknn cos
p
2
l
y
h
 
cos
p
2
n
y
h
 
:
ð19Þ
Due to orthogonality of Fourier series, the integrals of these two
terms (19) are zero for any l– n. For l = n the integrals of these
two terms are identical. Therefore, Eq. (18) takes the form
X
m
Z h
h
BmU
m
ydT
l
xyd
 
dy
X
m
Z h
h
BmS
m
xdU
l
xd
 
dy¼A0
Z h
h
SðyÞUlxd
 
dy
ð20Þ
and reordering will lead to
X
m
Bm
Z h
h
TlxydU
m
yd  SmxdUlxd
 
dy ¼ A0
Z h
h
SðyÞUlxd
 
dy: ð21Þ
The bi-orthogonality of the eigenstates, which is a derivative of the
elastic reciprocal theorem (Gregory and Gladwell, 1983; Fraser,
1976), states thatZ
S
snxzW
m  rmx Un
 
dS ¼ 0; m – n: ð22Þ
Therefore, the only terms to be retained on the left side of (21) are
those with m = l allowing for omission of the summation over m
Bm
Z h
h
TmxydU
m
yd  SmxdUmxd
 
dy ¼ A0
Z h
h
SðyÞUmxd
 
dy: ð23Þ
From (23) the generally complex coefﬁcient Bm can be deduced di-
rectly to yield
Bm
A0
¼  1
Jm
Z h
h
SðyÞUmxd
 
dy; ð24Þ
where
Jm ¼
Z h
h
TmxydU
m
yd  SmxdUmxd
 
dy: ð25Þ
Here Jm and U
m
xd are both properties of the wave modes and SðyÞ is
the prescribed function over the end x = 0 in (1). All variables are
complex in general to take an appropriate account for the phase
of each mode.
The amplitudes of the equivoluminal modes Cn are found by the
same procedure except for multiplication of (16) by the equivolu-
minal eigenfunctions Ulxe; T
l
xye which lead to
Cn
A0
¼  1
Jn
Z h
h
SðyÞUnxe
 
dy ð26Þ
with
Jn ¼
Z h
h
TnxyeU
n
ye  SnxeUnxe
 
dy: ð27Þ
Expressions (24) and (26) provide the required relation between the
excitation form SðyÞ (with amplitude A0) and amplitude of each
mode in (13).
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the above formulas to simple expressions
Jm ¼ ikmX2
2h; for m ¼ 0;
h; for m ¼ 2;4;6;

ð28Þ
Jn ¼ iknX2h; for n ¼ 2;4;6; . . . ; ð29Þ
which lead to coefﬁcients to be written as
B0
A0
¼  1
X22h
Z h
h
ðSðyÞÞdy; ð30aÞ
Bm
A0
¼  1
X2h
Im; m ¼ 2;4;6; . . . ; ð30bÞ
Cn
A0
¼  in
kn
1
X2h
In; n ¼ 2;4;6; . . . ; ð31Þ
where
Im 
Z h
h
SðyÞ cos p
2
m
y
h
  
dy; In 
Z h
h
SðyÞ cos p
2
n
y
h
  
dy:
ð32Þ
From here, one obtains that Im = In for m = n.
It turns out that since the cross-sectional form of the various
modes are either sine or cosine functions, the amplitudes of each
mode are determined explicitly by a standard Fourier analysis
(30)–(31).
Let us consider the resulting surface axial strain as representing
the response of the strip. Using relations (30–31) in (A.12) will
yield simple expressions for the axial surface strain. Surface strain
associated with the fundamental mode take the form
exðx; tÞ
A0

y¼h
¼ 1
j2
1
2h
Z h
h
SðyÞdy eip2 k0 xhX ttcð Þ
h i
; m ¼ 0; ð33Þ
while the contribution of the higher modes is given by
exðx; tÞ
A0

y¼h
¼
X1
m¼2
km
X
 2 ð1Þm2
h
Imei
p
2 km
x
hX ttcð Þ
þ
X1
n¼2
n
X
 2 ð1Þn2
h
Ine
ip2 kn
x
hX ttcð Þ: ð34Þ
Here, k0 is a real valued wave number of the fundamental mode
given explicitly by k0 =X/j with tc deﬁned by tc = 2h/CT.
In a non-dissipative media (as assumed here) the propagating
waves do not attenuate down the strip and have an average power
communication (per unit length in the z direction, average over
strip width 2h, and average over time period T = 2p/x) given by
Ph i  1
T
1
2h
Z T
0
Z h
h
r  _uð Þdydt: ð35Þ
That expression is valid at any cross-section of the strip irrespective
of the existence of evanescent waves. For harmonic waves, Eq. (35)
will take the form
Pj
  ¼  1
4h
xljAjj2ImfJjg; ð36Þ
for any wave mode j with amplitude Aj, where Jj is either Jm deﬁned
in (25) or Jn given in (27). Since evanescent waves are characterized
by imaginary wave numbers, from (28) and (29) it can be conﬁrmed
that Im{Jj} = 0, indicating that the total net power communicated by
evanescent waves is indeed zero. Using the non-dimensional for-
mulation, the average energy transfer rate (36) becomesP0d
D E
¼  l
8h2
CT
j
A20I
2
0m ¼ 0; ð37aÞ
Pmd
  ¼  l
4h2
CT
km
X
A20I
2
mm ¼ 2;4;6; . . . ;M; ð37bÞ
for the dilatational propagating modes and
Pne
  ¼  l
4h2
CT
n
X
A20I
2
n; n ¼ 2;4;6; . . . ;N; ð38Þ
for the distortional propagating modes. It should be kept in mind
that the number of available propagating modes, M and N, depends
on the frequency, as shown in Fig. B.1.
4. Simple excitations
To illustrate the method for coefﬁcient determination and the
nature of dynamic end-effects, let us examine the exact response
of a strip to three well-deﬁned excitations, designated by Sa; Sb,
and Sc . The excitations are harmonic in time with a frequency ta-
ken as a controlled parameter. Poisson’s ratio m = 1/3 is assumed,
whenever required.
4.1. Uniform excitation
Uniform excitation is given by (1) with
SaðyÞ ¼ 1: ð39Þ
The only non-zero integral in (32) is
Im ¼
Z h
h
Sa cos
p
2
m
y
h
  
dy ¼ 2h; ð40Þ
for m = 0. Then, by (30a) we ﬁnd that the non-zero coefﬁcient B0 is
given by
B0
A0
¼  1
X2
: ð41Þ
From here, it follows that excitation (39) can excite only the funda-
mental mode regardless of the frequency with which it oscillates.
The expression for the surface strain in (33) will become
exðx; tÞ
A0

y¼h
¼ 1
j2
ei
p
2 k0
x
hX ttcð Þ; ð42Þ
representing harmonic wave with an amplitude coinciding with the
one-dimensional solution given by
rx ¼ ðkþ 2lÞex ) ex ¼ 1j2
rx
l : ð43Þ
That excitation can be considered as an analogue of strength of
material theory according to which the end load has an identical
form to the inner solution, and therefore, the end-effects are actu-
ally absent.
By (40) and (37a), energy inﬂux of the propagating mode is gi-
ven by
P0d
D E
¼ l
2
CT
j
A20: ð44Þ4.2. Cosine excitation
Cosine excitation is deﬁned by
SbðyÞ ¼ cos p yh
 
ð45Þ
and from (32) one obtains that the only non-zero term is I2 = h for
m = n = 2. The corresponding coefﬁcients (30) and (31) are B2 and
C2 given by
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A0
¼  1
X2
; ð46Þ
C2
A0
¼  2i
X2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X2  4
p : ð47Þ
Inserting (46) and (47) in (34) yield simple expression for the sur-
face strain
exðx; tÞ
A0

y¼h
¼ 4
X2
 1
 
ei
p
2 km
x
hX ttcð Þ  4
X2
ei
p
2 kn
x
hX ttcð Þ; m ¼ n ¼ 2:
ð48Þ
Three qualitatively different frequency regions can be identiﬁed
according to the nature of the wave numbers km and kn in (10) and
(11) for m = n = 2:
(1) X < 2 – below the ﬁrst distortional cut-off frequency. From
(10) and (11), both wave numbers are purely imaginary.
Designating the wavenumbers by km ¼ ikm and kn ¼ ikn, the
axial behavior of surface strain (48) will take the formexðxÞ
A0

y¼h
¼ 4
X2
 1
 
e
p
2k

m
x
h  4
X2
e
p
2k

n
x
h: ð49ÞThat response is completely conﬁned to the end of the strip
and comprises an end effect (edge vibration). Then, by (36),
no energy inﬂux is possible regardless of the amplitude of
the excitation A0.
(2) 2 <X < j2 – between the ﬁrst dilatational and the ﬁrst dis-
tortional cut-off frequencies. The distortional wavenumber
is real and dilatational is purely imaginary (see Fig. B.1).
(3) j2 <X – above both cut-off frequencies. Both wave numbers
are purely real. Under these conditions, the complete
response of the strip is a superposition of the two propagat-
ing modes given in (48). None of the evanescent waves are
excited rendering no end effect at all.
4.3. Half-cosine excitation
Half-cosine excitation is deﬁned here by
ScðyÞ ¼ cos p2
y
h
 
; ð50Þ
the integration of which in (32) gives
Im ¼
4h cos m p2
 
pð1m2Þ ; ð51Þ
for any m and n. From (51) we ﬁnd that no mode can be said to re-
main unexcited. Let us again focus on the axial strain at the surface
y = h. For the fundamental mode, m = 0, (51) leads to
e0xdðx; tÞ
A0

y¼h
¼ 1
j2
2
p
ei
p
2 kn
x
hX ttcð Þ; m ¼ 0: ð52Þ
Insertion of (51) into (34) yields surface strains associated with the
dilatational modes
emxdðx; tÞ
A0

y¼h
¼ 4
p
km
X
 2 1
1m2
" #
ei
p
2 km
x
hX ttcð Þ; m ¼ 2;4;6; . . . ð53Þ
and for the equivoluminal modes
enxeðx; tÞ
A0

y¼h
¼ 4
p
n
X
 2 1
1 n2
	 

ei
p
2 kn
x
hX ttcð Þ; n ¼ 2;4;6; . . . : ð54Þ
The contribution of each mode, and particularly of the evanescent
modes, is emphasized here. In the frequency region below the ﬁrst
cut off, X < 2, from (10) and (11) one ﬁnds that only one propagat-ing mode is available, given in (52). All evanescent waves, (53) and
(54), attenuate with a typical distance given by (12). The higher the
mode, the more localized its effect. The axial attenuation of the
twelve ﬁrst evanescent modes (6  2), for X = 0.5, is traced in
Fig. 1. It can be observed that the ﬁrst attenuating mode,
m = n = 2, can be regarded as a bound on attenuation distance, as
frequently estimated from Eq. (12). The complete sum of these
modes is shown in Fig. 2.
It is convenient to illustrate the contribution of the evanescent
waves to the complete dynamic response of the strip by comparing
the amplitude of the response at any distance x from the end to the
amplitude of the sole propagating mode. That ratio of the total dy-
namic response to the far ﬁeld response (the amplitude of the
propagating wave) can be based on various ﬁeld parameters. For
the purpose of the present work, it is suitable to use the axial sur-
face strain as typical, rendering the ratio to be deﬁned by
SVReðxÞ ¼ ex;totalðxÞex;far field ¼
ex;propagating þ ex;evanescent
ex;propagating
ð55Þ
and can be regarded as a deviation of the near ﬁeld from the far
ﬁeld. As such, it is termed Saint-Venant ratio (SVR) with a subscript
e designating the ratio evaluated in terms of surface strain. Since the
evanescent waves die out at some distance l0.01, approximated by
(12), SVR (x) has an asymptote at SVR = 1. For the particular solution
derived above in (52)–(54), for a frequency range X < 2 with only
one propagating mode m = 0, SVR (55) will take the form
SVReðxÞ ¼ e
0
xd þ
P1
m¼2emxd þ
P1
n¼2enxe
e0xd
; m;n ¼ 2;4;6; . . . : ð56Þ
For practical purposes, the inﬁnite series will be truncated here at
m = n = 12 leading to a ﬁnite sum of the evanescent modes, given by
SVReðxÞ ¼ e
0
xd þ
P12
m¼2emxd þ
P12
n¼2enxe
e0xd
: ð57Þ
That ratio, along with the amplitude of the propagating wave and
the sum of the evanescent waves, for excitation frequency X = 0.5,
is traced in Fig. 2. It is noted that time dependence of the strain ﬁeld
is omitted in the deﬁnition of SVR.
To estimate the sufﬁciency of ﬁrst 13 modes for accurate
description of the axial behavior of the strip in general, and SVR
in particular, the deviation of the stress associated with these
modes from the actual boundary data (50) is examined. That devi-
ation is deﬁned by
Drjx¼0 ¼ ScðyÞ  rðyÞjx¼0 ð58Þ
with
rðyÞjx¼0 ¼
X12
m¼0
BmS
m
xd þ
X12
n¼2
CnS
n
xe: ð59Þ
The deviation (58) is evaluated for the ﬁrst 11 modes (1 propagating
and 5  2 evanescent) and ﬁrst 13 modes (1 + 6  2) and traced in
Fig. 3 for the same frequency X = 0.5. The largest deviation is at
the surface with magnitude of about 4%. From Fig. 1 and from Eq.
(12) it is evident that deviation is nulliﬁed at distances beyond
x = h/10. Additional modes with m, n > 12, will further decrease
the deviation, which might be signiﬁcant only for x/h < 0.1.
5. Variation on reference excitation
The general formulation for calculation of the amplitude of each
mode traced in Section 3 is used here to derive dynamic responses
of a strip subjected to end excitations with various irregularities.
These will be compared to strip response subjected to an uniform
excitation, Sa, worked out in Section 4.1.
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Fig. 1. Surface axial strain for the ﬁrst 12 modes calculated from (53) and (54), for a half-cosine excitation (50). The sums of the dilatational (m) and the distortional (n) modes
are shown by separate curves.
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uniform distribution, let us consider two basic cases (both sym-
metric): non-uniformity at the centerline y = 0 of the strip and
non-uniformity at the edges y = ±h. The ﬁrst case can be written
in a parametric form bySinðyÞ ¼ 1 dHðyþwhÞ þ dHðywhÞ; ð60Þwhere H is the Heaviside Unit step function, d and w stand for the
depth and the width of the non-uniformity, respectively. This
non-uniformity represents a reduced stress at the center of the
edge. The reduction level is dictated by d with partial reduction if
d < 1 and complete reduction if d = 1. The width of the reduced
stress area is deﬁned by w. The outer edge non-uniformity is de-
ﬁned bySoutðyÞ ¼ ð1 dÞHðyþ hÞ þ dHðyþ ð1wÞhÞ
 dHðy ð1wÞhÞ  ð1 dÞHðy hÞ ð61Þwith the same meaning of the parameters d and w as in (60). The
particular values for the non-uniformities evaluated here, and the
designation of each form, are given in Table 1. The general expres-
sion for the integral Im, deﬁned by (32), is given in Table 1 for exci-
tation (60).
For the purpose of the present work, only surface axial strains
are evaluated explicitly, given by (33) for the ﬁrst fundamental
mode m = 0 and by (34) for the higher modes. The effect of various
forms of excitation on the response of the strip is analyzed based
on the Saint Venant Ratio, deﬁned in (55) and evaluated numeri-
cally for X = 0.5 with a ﬁnite number of modes as given by (57).
The result is shown in Fig. 4 suggesting that even small deviation
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Fig. 3. The difference between the applied excitation form (50) and the traction associated with ﬁrst 11 modes up to m = n = 10 and for ﬁrst 13 modes up to m = n = 12.
Table 1
The particular values for the non-uniformity in (60) and (61). Also shown are the theoretical and the numerical values for the SVR at x = 0.
Form d w SVR (x = 0) theoretical SVR (x = 0) numerical Im(m– 0)
S1-in 1 0.1 1.11 1.049  4dpm sin w p2m
 
S2-in 1 0.2 1.25 1.29
S3-in 1 0.3 1.43 1.431
S4-in 0.5 0.2 1.11 1.12
S5out 1 0.1
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Fig. 4. SVR based on surface axial strain (57) for ﬁve excitations given in Table 1 with frequency X = 0.5 and S2-in excitation also with frequency X = 1.5. The horizontal line
designated by 10% represents deviation from SVR = 1 for an ideal uniform excitation (39).
132 B. Karp / International Journal of Solids and Structures 48 (2011) 126–136from the uniform excitation S1-in generates 10% difference in SVR
at a distance of x  h/2.
As a rough estimation for a possible error in truncation of the
complete series solution at m = n = 12 the theoretical SVR at x = 0is compared to the numerical result. For the simple excitation form
given by (60), the theoretical SVR at x = 0 is given by
SVReðx ¼ 0Þ ¼ hwdh ; ð62Þ
B. Karp / International Journal of Solids and Structures 48 (2011) 126–136 133reﬂecting the ratio of the effective contact area at x = 0 to the actual
cross-section area of the strip far from the excited end. The values of
that theoretical SVR and its numerical calculation for the four exci-
tations deﬁned by (60) are given in Table 1. The largest deviation is
for S1-in, which, according to decay distances of higher modes, is
conﬁned to a distance not exceeding x = h/10.
Based on the estimation of sufﬁciency of 13 modes suggested
above in Fig. 3, it is expected that the inaccuracy of the SVR curves
in Fig. 4 is limited to x/h < 0.1.
To appreciate the effect of frequency on detectability of changes
in the form of the excitation, SVR for excitation S2-in withX = 1.5 is
shown in Fig. 4 as well. It is apparent that the affected zone is lar-
ger in comparison to the same excitation form with X = 0.5. This
can be inferred directly from the frequency map in Fig. B.1 showing
a reduced attenuation constant at higher frequencies.
6. Discussion
To begin with, let us examine the results of Section 4 with ref-
erence to the question of dynamic equivalence of loads. In particu-
lar, it is questioned whether it is possible to generate an identical
far-ﬁeld response in a strip by differently distributed loads.
According to (14), beyond the largest distance l0.01 (deﬁned by
(12) with the smallest jIm{n}j), only propagating waves constitute
the displacement ﬁeld. That ﬁeld is determined uniquely by x, nn
(deﬁning Un through (A.11)), and An (which is actually Bn and Cn
in the non-dimensional formulation in (A.11)). In the frequency
range X < 2, only the fundamental mode can be excited with the
wave number given by k0 =X/j. From (30a), the amplitude of that
mode is
B0 ¼  A0
X22h
Z h
h
Sdy: ð63Þ
Therefore, in order to obtain an identical far ﬁeld response, B0, by
two differently distributed loads, Si and Sj, having an identical fre-
quency; their amplitude, A0i and A0j, should be adjusted according
to the equality
A0i
Z h
h
Sidy ¼ A0j
Z h
h
Sjdy: ð64Þ
Such an adjustment will also result in an identical power, according
to (37a).
As a particular example, consider the uniform Sa and the half-
cosine Sc excitations with amplitudes A0a and A0c, respectively.
By relation (64), with the aid of (40) and (51), these excitations will
be equivalent if their amplitudes are related by
A0a ¼ A0c 2p : ð65Þ
This leads to the following conclusion: both excitations, Sa and Sc ,
with amplitudes related by (65), will generate identical far-ﬁeld re-
sponse (x, nn, and B0) and will be undistinguishable if judged upon
the far ﬁeld alone. These loads are termed dynamically equivalent,
and as such, illustrate the interpretation and the validity of DSVP
suggested by Karp (2009). According to that interpretation, two
dynamically equivalent loads will generate identical strain ﬁled
far from the loaded area. That interpretation is not a simple exten-
sion of the classical SVP since in the static case the equivalence is
judged upon static equivalents, while here, the equivalence is
judged upon average power (intensity) of the excitation. Neverthe-
less, it was shown that both interpretations coincide in the limit of
vanishing frequency (Karp, 2009).
Since the dynamic response of the whole strip can not be iden-
tical for differently distributed loads, let us seek the differences in
response of the strip subjected to any dynamically equivalentloads. The difference in response will be conﬁned to the vicinity
of the excited edge, as dictated by the evanescent waves (the sec-
ond summation in (14)). In the particular example of uniform exci-
tation, Sa, discussed above, none of the evanescent waves is
excited, which by (55) results in SVR = 1 for any x. For Sc , on the
other hand, SVR is x dependent as shown in Fig. 2. That sensitivity
of the SVR to the form of the excitation is the key for the health
monitoring of joints.
It is interesting to note that Sa and Sb can not be made dynam-
ically equivalent by amplitude adjustment (64) since they generate
different propagating modes at any frequency (different k’s for
identical X). Moreover, excitation Sb is incapable of inducing con-
tinuous inﬂux of energy at frequencies below the ﬁrst cut-off. It is
not expected that such situation can arise in a waveguide with free
surfaces (e.g., Karp and Durban, 2005).
This point emphasizes the substantial difference between
orthogonality and bi-orthogonality properties of the wave modes.
The mathematical relations between the modes can be interpreted
in the following way. From (19) one ﬁnds that distortional modes
are orthogonal to dilatational modes for m– n and bi-orthogonal
for m = n. From (22) the dilatational modes are bi-orthogonal to
other dilatational modes. The same holds for distortional modes.
The physical meaning of orthogonality is that, on average over
the cross-section, stresses of distortional modes do zero net work
over the displacements of the dilatational modes, and vise versa.
On the other hand, bi-orthogonality means that the average work
of shear stresses of one mode over the displacements of the other
mode is equal and opposite in sign to the average work of the nor-
mal stresses of the other mode over the displacements of the ﬁrst
mode. Since the dilatational and distortional modes are coupled in
a strip with free surfaces, no orthogonality exists.
Finally, let us discuss the results as they might be related to
monitoring the health of structural joints. The particular question
can be stated as follows: is it possible, by monitoring the dynami-
cal response of a plate, to identify incipient changes at its joint?.
Eq. (64) exposes dynamic equivalence, according to which var-
ious forms of excitation can produce identical far ﬁeld response
(see Karp, 2009 for analogous derivation for a strip with free sur-
faces). Therefore, relying on measurements within the far ﬁeld
alone will not expose different forms of excitations. By the same
token, measurement within the near-ﬁeld alone can not lead to
univocal conclusion on changes of the form of the excitation since
the change in strain within the near-ﬁeld can be also attributed to
change in intensity of the excitation.
In search for a reliable signature of the form of an excitation,
one ﬁnds that the SVR does fulﬁll that requirement. The deﬁnition
of SVR (x) in (55) along with the associated wave mode formulation
discloses that SVR is a sort of convolution of wave guide property
encompassed in k and the form of the excitation S. Therefore, if
the properties of the waveguide remain unchanged (no change in
kn), SVR can be considered as a signature of the form of the excita-
tion alone. Hence, it can be stressed that a combination of mea-
surements in the far- and the near-ﬁelds (a point wise tracing of
SVR (x)) can provide the required data for inferring on a change
in the form of the excitation. In such combination, the far-ﬁeld
measurement is used to scale the near-ﬁeld measurement, screen-
ing out changes originated from a change in amplitude of the exci-
tation. From Fig. 4 it can be deduced that measurement of surface
strain within the region 0.4 < x/h < 1.2 using a gauge with minimal
reading detection of 10% (a modest requirement), will enable easy
detection of small changes in the form of the excitation, such as
S1-in and S5-out.
Relevance of the results obtained above to actual problems
where SHM is sought can be supported by the following observa-
tions. Qualitative and quantitative characteristics of the dynamic
response of a strip with sliding surfaces (Fig. B.1) are typical to
active joint 
waveguide axial direction 
lateral surfaces 
Fig. 5. Schematic view of a joint between a beam-like structure (waveguide) and a
main frame.
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ferred from the similarity of various frequency maps (e.g., Mindlin,
1960). An end of a waveguide can be viewed as a joint to which an
external excitation is applied (Fig. 5). Alternatively, that end can be
a reﬂecting end if a wave is propagated fromwithin the waveguide.
Healthy joint, regardless of the exact actual from of the connection,
is characterized by particular SVR which can be traced experimen-
tally at discrete distances x from the end. Even incipient alteration
of the joint condition, as shown in Section 5, will alter the end data
generating a new SVR signature. That analogy between variation of
end conditions considered in Section 5 and actual damage to joint,
though not very strict, can be adequate to demonstrate qualita-
tively, and even quantitatively, the potential of end effects as a
structural marker for SHM. For example, any excitation in Table
1 can be considered as a reference excitation with other excitation
as representing a damaged joint.
As a further support for the way the above results can be related
to waveguides with free lateral faces, let us compare the results ob-
tained here to previously reported experimental studies. Transient
end effects in a cantilever beam were measured by Karp et al.
(2008). In that work, end effects are the result of reﬂecting waves
in a beam with free surfaces (passive joint). It was found that the
far ﬁeld response is completely not sensitive to small changes in
a way the clamping of the beam was realized, while measurements
within the near ﬁeld exposed high sensitivity to such variations.
The magnitude of the estimated near-ﬁeld is similar to the ob-
tained here in Fig. 4, and could be expected based on the similarity
of the frequency maps for strips with various surface conditions
(Mindlin, 1960).
Impact excitation of a rod at its end (active joint) with impac-
tors having various contact surfaces is reported by Karp et al.
(2009). It was found that the near ﬁeld, within 1.4 diameters from
the end, is sensitive to the form of the contact area with only rudi-
mental sensitivity of the far-ﬁeld. Finite element calculation of the
response of a rod impinged by different strikers (Fig. 12 in Karp
et al., 2009) exposed axial distribution of surface strain which is
similar to the obtained here in Fig. 4. This similarity could also
be expected based on the similarity of frequency maps of strip
and rod waveguides (Graff, 1975, Figs. 8.9 and 8.17; Miklowitz,
1978, p. 222).7. Concluding remarks
A simple case of an ideal waveguide, represented by an elastic,
semi-inﬁnite strip with sliding surfaces, was used to examine ana-
lytically the precise near-ﬁeld sensitivity to variations in the form
of end-excitation. The exact formulation of the relation between
the form of the excitation and the amplitudes of each propagating
and evanescent wave modes were calculated using orthogonality
and bi-orthogonality of the modes. Several ‘‘ideal” and ‘‘deviating”
excitations were worked out to illustrate the sensitivity of the sur-
face strain to the form of the excitation. These excitations wereregarded as idealization of healthy and damaged joints. The dy-
namic end effects, quantitatively deﬁned by Saint-Venant Ratio,
are shown to be an efﬁcient structural marker of the joint condi-
tion. It turns out that by using that marker, incipient variation in
end data conditions can be monitored with reasonably simple
equipment.
The results obtained appear to be valid as a rough guide for de-
sign of SHM system for joints under more realistic conditions of
strips with free surfaces and with end data not necessarily mixed.
The mixed end data at x = 0 studied here was chosen to enable the
use of bi-orthogonality relations. Non-mixed end data can be stud-
ied by using other methods, such as employed by Gregory and
Gladwell (1983, 1989) or by Babenkova and Kaplunov (2005). In
a subsequent work, similar treatment will be applied to a passive
joint, where the excitation source is located in the far-ﬁeld of the
strip.
Appendix A. Symmetric wave modes derivation and non-
dimensional formulation
The displacement ﬁeld in a wave guide, assuming separation of
variables, is written in the form
uðx; y; tÞ ¼ UðyÞeiðnxxtÞ: ðA:1Þ
Following Achenbach (1973), the displacement potential is given by
u ¼ f ðyÞeiðnxxtÞ; w ¼ gðyÞeiðnxxtÞ ðA:2Þ
with
f ðyÞ ¼ A sinðcyÞ þ B cosðcyÞ;
gðyÞ ¼ C sinðdyÞ þ D cosðdyÞ; ðA:3Þ
where
c2  x
2
C2L
 n2; d2  x
2
C2T
 n2 ðA:4Þ
with CL and CT as the longitudinal and transversal phase velocities in
an inﬁnite medium, respectively. Here the coefﬁcients A, B, C, D are
complex amplitudes which allow for phase change for each mode.
The displacement components are derived from (A.2) by
ux ¼ @u
@x
þ @w
@y
; uy ¼ @u
@y
 @w
@x
: ðA:5Þ
For symmetric ﬁelds A = D = 0. Then, equations (A.5) and (A.2) lead
to the two displacement components
ux ¼ iBn cosðcyÞ þ Cd cosðdyÞð ÞeiðnxxtÞ;
uy ¼ Bc sinðcyÞ  iCn sinðdyÞð ÞeiðnxxtÞ:
ðA:6Þ
The strains follow from (A.6) as
ex ¼ Bn2 cosðcyÞ þ iCnd cosðdyÞ
 
eiðnxxtÞ;
ey ¼ Bc2 cosðcyÞ  iCdn cosðdyÞ
 
eiðnxxtÞ;
exy ¼ 12 2iBcn sinðcyÞ þ Cðn
2  d2Þ sinðdyÞ eiðnxxtÞ
ðA:7Þ
and by Hook’s law we obtain the stresses in the form
rx ¼ l B x
2
C2T
 2c2
 !
cosðcyÞ þ C2idn cosðdyÞ
" #
eiðnxxtÞ;
ry ¼ l B m1 m
x2
C2T
þ 2c2
 !
cosðcyÞ  C2idn cosðdyÞ
" #
eiðnxxtÞ;
sxy ¼ l B2icn sinðcyÞ þ C x
2
C2T
 2d2
 !
sinðdyÞ
" #
eiðnxxtÞ;
ðA:8Þ
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Fig. B.1. Attenuation map for lowest wave numbers for a plate with sliding surfaces calculated from Eqs. (10) and (11).
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tively. Introducing non-dimensional variables
k  2h
p
n; X  2h
pCT
x;
1
j2
¼ CT
CL
 2
¼ 1 2m
2ð1 mÞ ðA:9Þ
and taking into account the discrete nature of the solution (8) and
(9), the displacements derived above will take the form
ux ¼
X1
m¼0
BmU
m
xdðyÞeiðnmxxtÞ þ
X1
n¼2
CnU
n
xeðyÞeiðnnxxtÞ
" #
p
2h
 
;
uy ¼
X1
m¼0
BmU
m
ydðyÞeiðnmxxtÞ þ
X1
n¼2
CnU
n
yeðyÞeiðnnxxtÞ
" #
p
2h
  ðA:10Þ
with the cross-sectional form deﬁned by
UmxdðyÞ  ikm cos p2m yh
 
; UnxeðyÞ  n cos p2 n yh
 
;
UmydðyÞ  m sin p2myh
 
; UnyeðyÞ  ikn sin p2 n yh
 
;
ðA:11Þ
for any wave mode m and n. The axial strain is given by
ex ¼
X1
m¼0
Bm p2h
 2
k2m cos
p
2
m
y
h
 
ei
p
2 km
x
hX ttcð Þ
þ
X1
n¼2
iCn
p
2h
 2
knn cos
p
2
n
y
h
 
ei
p
2 kn
x
hX ttcð Þ ðA:12Þ
and stresses are
rx ¼ l
X1
m¼0
BmS
m
xdðyÞeiðnmxxtÞ þ
X1
n¼2
CnS
n
xeðyÞeiðnnxxtÞ
" #
p
2h
 2
;
ry ¼ l
X1
m¼0
BmS
m
ydðyÞeiðnmxxtÞ þ
X1
n¼2
CnS
n
yeðyÞeiðnnxxtÞ
" #
p
2h
 2
;
sxy ¼ l
X1
m¼0
BmT
m
xydðyÞei nmxxtð Þ þ
X1
n¼2
CnT
n
xyeðyÞeiðnnxxtÞ
" #
p
2h
 2
ðA:13Þwith
Smxd ¼  X2  2m2
 
cos
p
2
m
y
h
 
;
Snxe ¼ 2inkn cos
p
2
n
y
h
 
;
Smyd ¼ 
m
1 mX
2 þ 2m2
 
cos
p
2
m
y
h
 
;
Snye ¼ 2inkn cos
p
2
n
y
h
 
;
Tmxyd ¼ 2imkm sin
p
2
m
y
h
 
;
Tnxye ¼ X2  2n2
 
sin
p
2
n
y
h
 
:
ðA:14ÞAppendix B. Frequency map for a symmetric wave modes in a
plate with sliding surfaces
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